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The acoustic and entropy transfer functions of quasi-one-dimensional nozzles are studied
analytically for both subsonic and choked flows with and without shock waves. The
present analytical study extends both the compact nozzle solution obtained by Marble
& Candel (1977) and the effective nozzle length proposed by Stow et al. (2002) and by
Goh & Morgans (2011a) to non-zero frequencies for both modulus and phase through
an asymptotic expansion of the linearized Euler equations. It also extends the piecewise-
linear approximation of the velocity profile in the nozzle proposed by Moase et al. (2007)
to any arbitrary profile or equivalently any nozzle geometry. The equations are written
as a function of three variables, namely the dimensionless mass, total temperature and
entropy fluctuations, yielding a first order linear system of differential equations with
varying coefficients, which is solved using the Magnus expansion. The solution shows that
both the modulus and the phase of the transfer functions of the nozzle have a strong
dependence on the frequency. This holds for both choked flows and subsonic converging
diverging nozzles. The method is used to compare two different nozzle geometries with the
same inlet and outlet Mach numbers showing that, even if the compact solution predicts
no differences between the transfer functions of the two nozzles, significant differences
are found at non-zero frequencies. A parametric study is finally performed to calculate
the indirect to direct noise ratio for a model combustor, showing that this ratio decreases
at higher frequencies.
1. Introduction
The study of the propagation of acoustic and entropy fluctuations through a one-
dimensional nozzle is of great importance when dealing with both combustion noise and
thermoacoustic instabilities. Marble & Candel (1977) showed that acoustic and entropy
waves generated in the combustion chamber of aircraft or helicopter engines contributed
significantly to the total engine noise. Two mechanisms control combustion noise gener-
ation, related to the propagation of these two waves to the outlet: direct noise, generated
when acoustic waves traverse the turbine stages, and indirect noise, a mechanism in
which entropy waves generate noise when accelerated with the mean flow. This source
can contribute significantly to the total noise (Candel 1972; Pickett 1975; Muthukrishnan
et al. 1978). Recent studies (Bake et al. 2009; Howe 2010; Leyko et al. 2009, 2008) have
shown that the propagation of waves through non-uniform flows plays a major role in
the generation and attenuation of combustion noise.
Similarly, when studying thermoacoustic instabilities in combustion chambers of gas
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turbines the propagation of acoustic and entropy waves through the inlet and the outlet
of the chamber has a significant effect because it controls impedances seen by the combus-
tion chamber upstream and downstream (Poinsot & Veynante 2011). Waves generated by
the turbulent flame inside the combustion chamber are reflected at the compressor and
turbine stages and interact with the flame. The flame reacts to the acoustic perturbation
generating a fluctuating heat release that will in turn produce more acoustic waves. If
this fluctuating heat release and the acoustic waves are in phase, a positive feedback will
occur as shown by Rayleigh (1878), Dowling (1997) and Dowling & Stow (2003). This
may lead to thermoacoustic instabilities if the energy gain exceeds the losses through
the boundaries and other dissipation mechanisms (Gullaud et al. 2009). The instability
mechanism depends strongly on the boundary conditions of the combustion chamber:
the phase of the reflection coefficient will influence the resonance frequency at which the
instability occurs, and the modulus will control the rate at which the energy of the insta-
bility is lost through the boundaries, determining whether the mode is stable or unstable
(Williams 1985; Candel & Poinsot 1988; Culick 1988; Dowling 1995).
The propagation of waves through nozzles was first studied by Tsien (1952), who anal-
ysed the propagation of acoustic waves through a quasi-one-dimensional nozzle with a
spatially linear velocity profile. Marble & Candel (1977) extended this result to consider
entropy waves and obtained the wave transfer functions of the nozzle using the compact
assumption for both subsonic and choked nozzles, showing that entropy waves gener-
ated acoustic perturbations when accelerated through a nozzle. This compact hypothesis
considers the axial length of the nozzle to be small compared to the wavelength of the
perturbation, limiting the results to low frequencies. The frequency dependence of the
transfer functions of the nozzle has been studied using mainly two approaches. The first
approach was to consider a specific nozzle geometry. This was done by Marble & Candel
(1977), following the work of Tsien (1952) in which the nozzle was assumed to have a
linear velocity profile. For this very specific case, an analytical solution was obtained
in the form of a hypergeometric differential equation. Moase et al. (2007) extended the
non-compact analysis for a choked nozzle with a shock wave, where the steady velocity
was approximated as piecewise-linear and computed using the solution of Marble & Can-
del (1977). For each interval with a linear velocity profile the hypergeometric equation
was solved and coupled to the adjacent intervals to compute the complete solution of
the nozzle. A different approach to study the non-compact effect was proposed by Stow
et al. (2002). They used an asymptotic analysis to calculate the first order correction to
the low-frequency hypothesis in the case of a choked nozzle with no specific assumption
on the nozzle geometry and used this analysis to obtain an effective nozzle length that
corrects the phase prediction of the reflection coefficient. Goh & Morgans (2011a) used
this result to extend the effective nozzle length to compute the transmission coefficients
of a choked flow.
It has been shown (Duran et al. 2013) that subsonic converging/diverging nozzles ex-
hibit strong non-compact effects both in the modulus and in the phase of the transfer
functions. Work done by Marble & Candel (1977) and by Moase et al. (2007) showed
that the modulus of the transfer functions of choked nozzles changes significantly with
frequency. When considering gas turbines, the modulus of the reflection coefficient rep-
resents the energy loss through the boundary conditions (for thermoacoustic instability
applications), and the transfer functions represent the acoustic energy propagated down-
stream (in combustion noise applications). The objective of this paper is to show that
Marble and Candel’s method can be extended analytically to non-zero frequencies, re-
moving the compact nozzle assumption to study the evolution of both modulus and phase
of the transfer functions at non-zero frequencies for any geometry and any flow configu-
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ration using a new asymptotic expansion method.
Two major assumptions are made in this paper: first the flow is considered quasi-one-
dimensional and only plane waves are considered through the nozzle; and second, the
Euler equations are used, neglecting viscous terms. The first hypothesis considers that
the nozzle is long compared to its characteristic transverse length (for the flow to remain
quasi-1D), and that the waves satisfy λ > ly, where ly is the characteristic length in the
transverse direction and λ the wavelength of the perturbation (λ = c/f , with c the sound
speed and f the frequency). This last condition limits the results to frequencies under
the first cut-off frequency of the transverse modes of the nozzle. The second hypothesis
assumes that viscous effects occur in a negligible zone of the flow, and it has been used
frequently in the literature (Marble & Candel 1977; Stow et al. 2002; Moase et al. 2007).
The effect of viscosity in the propagation of waves through quasi-one-dimensional flows
is twofold. First the development of a steady boundary layer modifies the mean flow
calculated using the Euler equations. This effect can be modelled by considering a dis-
placement length of the boundary layer, which reduces the effective section of the nozzle
and changes thereby the mean flow configuration through which waves propagate. This
modifies the propagation of waves and therefore the transfer functions. This correction,
however, may be very important in certain conditions as the reduction of cross-sectional
area through the displacement length of the boundary layer may lead to a choked flow
instead of a subsonic one for example. The propagation of entropy and acoustic waves
through the viscous boundary layer is not modelled through the displacement length,
but this can be neglected if the boundary layer is small compared to the characteristic
section (no flow separation occurs in the divergent region of the nozzle). The second
effect of viscosity is the dissipation of acoustic and entropy waves, which occurs only at
large frequencies and is neglected in most acoustic propagation models. In addition to
these assumptions, the mean flow is assumed to be unaltered by the acoustic and entropy
disturbances: the disturbances propagating through it do not lead to oscillations of the
flow regime between subsonic and choked conditions and they induce no flow separation.
The interaction of shock waves with the boundary layer and with turbulence, as studied
by Ribner (1953, 1954, 1987), is also neglected in this quasi-one-dimensional solution.
Regardless of these simplifications, it is interesting to obtain an analytical solution of
the quasi-one-dimensional Euler equations using the asymptotic expansion in order to
compute the transmission and reflection coefficient of waves through nozzles. This could
be later used to provide more realistic boundary conditions for large-eddy simulations of
actual complex full annular combustion chambers (Gicquel et al. 2012) and to predict
both combustion instabilities and waves transmitted to the turbine stages.
The compact solution of the transfer functions is presented in § 2, in which the fre-
quency is assumed to be small. To calculate the solution for any frequency, a general
formulation of the problem is proposed in § 3, obtaining a first order linear system of
differential equations with varying coefficients. An analytical method to solve the differ-
ential equation is presented in § 4 using the Magnus expansion initially used to solve the
Schro¨dinger equation (Sakurai & Tuan 1985) and the boundary conditions are discussed
in § 5. Results and validations versus the linear steady velocity profile nozzle, numerical
results and experimental data are illustrated in § 6 for different nozzle geometries and
configurations; and conclusions are finally discussed in § 7.
2. The compact solution
The transfer functions between the upstream and downstream waves of the nozzle were
obtained by Marble & Candel (1977) using the compact nozzle assumption, which states
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Figure 1. Sketch of the acoustic and entropy waves in a subsonic converging-diverging nozzle.
that the wavelengths of the acoustic and entropy perturbations are large compared to the
axial length of the nozzle. This assumption is therefore valid for low-frequency perturba-
tions only. Using this assumption, acoustic and entropy waves propagate quasi-steadily
through the nozzle, and matching conditions can be written between the region upstream
of the nozzle (noted with the subscript ’0’ in figure 1) and the region downstream of the
nozzle (noted ’1’) for the conservative variables mass flow rate, total temperature and
entropy. They read (
m˙′
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(
m˙′
m˙
)
1
, (2.1)(
T ′t
Tt
)
0
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(
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Tt
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1
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0
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(
s′
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where the unaccented variables represent the mean steady flow and primed variables,
( )′, represent small perturbations. To obtain the wave transfer functions the mass, total
temperature and entropy perturbations are first written as functions of three primitive
variables: the dimensionless pressure, velocity and entropy fluctuations, ϕ = p′/(γp),
ν = u′/u and σ = s′/cp. It follows
IA ≡
(
m˙′
m˙
)
= ϕ+ ν − σ, (2.4)
IB ≡
(
T ′t
Tt
)
= (γ − 1)
M2ν + ϕ+
σ
γ − 1
1 +
γ − 1
2
M2
, (2.5)
IC ≡
(
s′
cp
)
= σ, (2.6)
where u and p are the mean flow velocity and pressure respectively, γ the ratio of specific
heats, cp the specific heat capacity at constant pressure and M = u/c is the mean flow
Mach number, with c the speed of sound. These combinations of primitive variables yield
three invariants of the flow, IA, IB and IC , which are conserved through the nozzle when
considering the compact nozzle assumption.
When considering a subsonic flow three boundary conditions can be imposed, corre-
sponding to the downstream-propagating acoustic wave at the inlet (w+0 ), the entropy
wave at the inlet (ws0) and the upstream-propagating acoustic wave at the outlet (w
−
1 )
as seen in figure 1. These waves can be expressed as functions of the primitive variables
in a nondimensional form as done by Leyko et al. (2009); Moase et al. (2007); Stow et al.
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1−M1
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1− 1
2
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1 + 1
2
(γ − 1)M0M1
Table 1. Compact acoustic and entropy transfer functions in a subsonic nozzle
(2002),
w+ = ϕ+Mν, w− = ϕ−Mν and ws = σ. (2.7)
Note that these definitions differ from those used by Marble & Candel (1977) by a factor
1
2 in the two acoustic waves, and therefore a factor
1
2 will appear in some terms of the
final solution. Using (2.7) in (2.4)-(2.6) and combining them with the jump conditions in
(2.1)-(2.3), Marble & Candel (1977) obtained a set of three equations with three unknown
outgoing waves and three imposed incoming ones. Considering a unitary incoming entropy
wave and no acoustic waves, the entropy transfer functions are obtained and indicate
how much acoustic energy is reflected and transmitted by the nozzle when it is hit by an
entropy wave. Similarly, the acoustic transfer functions can be calculated by setting ws0 =
w−1 = 0 and a unitary downstream-propagating acoustic wave w
+
0 . The transfer functions
for the upstream-propagating acoustic wave at the outlet are obtained by imposing ws0 =
w+0 = 0. These results are summarized in Table 1.
For a choked flow at the throat, the acoustic wave w−1 at the outlet cannot be imposed,
as it propagates downstream. Marble & Candel (1977) imposed the choked flow condition
by stating that the fluctuations of the reduced mass flow rate are zero at the inlet. This
is equivalent to stating that the Mach number fluctuations are zero at the throat, and
using the compact equations (2.1)-(2.3) it is shown that this holds similarly at the nozzle
inlet and outlet. The condition can be written as a function of the primitive variables as
M ′
M
= ν − γ − 1
2
ϕ− σ
2
= 0. (2.8)
It should be noted that this condition holds for any frequency at the nozzle throat only,
as the Mach number should be 1 at this point and no fluctuations of the Mach number
can be present. It is only in the compact case that the condition can be shown to hold at
any point of the nozzle, which leads to stating that the reduced mass flow rate is choked.
Using this extra condition and some algebra, the transfer functions can be calculated for
the choked flow and are given in Table 2. It is interesting to note that, in the choked
case, (2.4), (2.6) and (2.8) lead to the statement that ϕ, ν and σ are constant through
the nozzle. Note also that the reflected wave w−0 does not depend on the outlet Mach
number when the flow is choked, as the information on the outlet Mach number cannot
travel upstream from the nozzle throat.
The transfer function written hereafter as
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w+0 = 1
1− 1
2
(γ − 1)M0
1 + 1
2
(γ − 1)M0
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1 + 1
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2
(
1 + 1
2
(γ − 1)M0
) − (M1 +M0)
2
(
1 + 1
2
(γ − 1)M0
)
Table 2. Compact acoustic and entropy transfer functions of a choked nozzle
[
w−0
w+0
]
(2.9)
represents the upstream acoustic wave, w−0 , generated at the inlet by a unitary downstream-
propagating acoustic wave at the inlet, w+0 and is called the reflection coefficient of the
nozzle. The downstream-propagating acoustic wave, w+1 , generated by a unitary entropy
wave, ws0, is simply called the indirect noise (noise generated indirectly by entropy waves).
3. General formulation
To extend the above analytical solution to non-zero frequencies, the quasi-one-dimensional
Linearized Euler Equations (LEEs) are now considered for a calorifically perfect, ideal
gas as in Marble & Candel (1977):[
∂
∂t
+ u
∂
∂x
](
p′
γp
)
+ u
∂
∂x
(
u
′
u
)
= 0, (3.1)
[
∂
∂t
+ u
∂
∂x
](
u
′
u
)
+
c2
u
∂
∂x
(
p
′
γp
)
+
(
2
u
′
u
− (γ − 1) p
′
γp
− s
′
cp
)
du
dx
= 0, (3.2)
[
∂
∂t
+ u
∂
∂x
](
s′
cp
)
= 0. (3.3)
This set of equations is rewritten in a dimensionless form, using the dimensionless space
and time variables, ξ = x/Ln and τ = tf , where Ln is the nozzle length and f is a
characteristic frequency of the perturbation. The mean flow velocity is reduced using the
sound speed at the inlet of the nozzle c0, giving the dimensionless form u¯ = u/c0. The
equations are rewritten using the reduced frequency (or Helmholtz number), Ω = fLn/c0,
which compares the nozzle length with a characteristic acoustic wavelength. In this form
the equations read [
Ω
∂
∂τ
+ u¯
∂
∂ξ
]
(ϕ) + u¯
∂
∂ξ
(ν) = 0, (3.4)
[
Ω
∂
∂τ
+ u¯
∂
∂ξ
]
(ν) +
c¯2
u¯
∂
∂ξ
(ϕ) +
(
2ν − (γ − 1)ϕ− σ
)du¯
dξ
= 0, (3.5)[
Ω
∂
∂τ
+ u¯
∂
∂ξ
]
(σ) = 0. (3.6)
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Stow et al. (2002) and Goh & Morgans (2011a) studied the non-compact response of the
choked nozzle performing an asymptotic expansion in Ω, considering ϕ(x,Ω) = ϕ(0)(x)+
ϕ(1)(x)Ω + O(Ω2) and similarly for ν and ρ′/ρ, where ( )(0) stands for the zeroth-order
solution of the asymptotic expansion, obtained using the compact theory of Marble &
Candel (1977) explained in § 2. Using the fact that the zeroth-order terms are constant
through the nozzle in the choked case only, they obtained an analytical expression for the
first-order correction and used it to deduce an equivalent nozzle length that corrects the
phase of the reflection and transmission coefficients. To extend the analytical solution to
subsonic nozzles and to higher order terms, the asymptotic expansion will be performed
to directly correct the compact equations (2.1)-(2.3) instead.
Equations (3.4)-(3.6) are first combined to yield the invariants that were derived from
the compact solution of (2.1)-(2.3). To do so, the velocity gradient of the right hand side
of (3.5) is rewritten as a function of the Mach number gradient
du¯
dξ
=
d
dξ
(
Mc¯
)
= M
dc¯
dξ
+ c¯
dM
dξ
=
(
c¯
1 + γ−12 M
2
)
dM
dξ
. (3.7)
This result is introduced in (3.5) and then multiplied by M2. Rearranging terms, it
gives
ΩM2
∂
∂τ
(ν) + u¯
∂
∂ξ
(
M2ν + ϕ
)− u¯( (γ − 1)M
1 + γ−12 M
2
)(
M2ν+ϕ+
σ
(γ − 1)
)dM
dξ
= 0. (3.8)
Combining the spatial derivative terms and using (3.6), the linearized Euler equations
(3.4)-(3.6) can be rewritten as
Ω
∂
∂τ
(ϕ− σ) + u¯ ∂
∂ξ
(ϕ+ ν − σ) = 0, (3.9)
Ω
∂
∂τ
(
M2ν +
σ
(γ − 1)
)
+ u¯(1 +
γ − 1
2
M2)
∂
∂ξ
(
M2ν + ϕ+ σ(γ−1)
1 + γ−12 M
2
)
= 0, (3.10)
[
Ω
∂
∂τ
+ u¯
∂
∂ξ
]
(σ) = 0, (3.11)
where no further assumption has been made. Using (2.4)-(2.6) in the limit of small
frequencies (Ω→ 0), the temporal derivatives can be dropped and the compact equations
(2.1)-(2.3) are recovered.
To analyse the effects of non-zero frequencies, the equations are written as a function
of the invariants IA, IB and IC , introduced in (2.4)-(2.6). These flow invariants are
constant through the nozzle at first order for any flow configuration. After some algebra,
and writing the substantial derivative as D/Dτ = Ω∂/∂τ + u¯∂/∂ξ, the equations read
D
Dτ
(IA) =
u¯
(γ − 1)M2
[ ∂
∂ξ
(IC)−
(
1 +
γ − 1
2
M2
)
∂
∂ξ
(IB)
]
, (3.12)
D
Dτ
(IB) = − (γ − 1)u¯
1 + γ−12 M
2
[
∂
∂ξ
(IA) +
∂
∂ξ
(IC)
]
(3.13)
D
Dτ
(IC) = 0. (3.14)
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If the invariants are assumed harmonic, a time Fourier transform (with the e2piiΩτ
convention) leads to
[E (ξ)]
d
dξ
[I] = 2piiΩI, (3.15)
where I is the vector of invariants, containing IA, IB and IC , and E (ξ) is a non-constant
3× 3 matrix,
E (ξ) = −u¯

1
1 + γ−12 M
2
(γ − 1)M2 −
1
(γ − 1)M2
γ − 1
1 + γ−12 M
2
1
γ − 1
1 + γ−12 M
2
0 0 1

, (3.16)
where the Mach number M and the dimensionless speed u¯ are functions of the spatial
coordinate ξ. When the determinant of E is non-zero (M 6= 1), (3.15) can be inverted,
leading to
d
dξ
[I] = A(ξ)I. (3.17)
Matrix A is a non-constant complex matrix of order O(Ω),
A(ξ) =
−2piiΩ
u¯(M2 − 1)

M2 −1 +
γ−1
2 M
2
γ − 1
γ
γ − 1
−(γ − 1)M2
1 + γ−12 M
2
M2 − (γ − 1)M
2 + 1
1 + γ−12 M
2
0 0 M2 − 1

, (3.18)
which represents the correction to the compact hypothesis and where M and u¯ are
functions of ξ. For choked nozzles M = 1 at the throat, the determinant of E is zero and
the matrix system cannot be inverted. This case will be treated separately in § 5.2.
4. General analytical solution
Stow et al. (2002) and Goh & Morgans (2011a) performed an asymptotic expansion in
variables ϕ, ν and ρ′/ρ using the fact that the zero-order terms are constant through the
nozzle for choked flows. Writing the equation for the first order correction in the choked
case they found a method to correct the phase of the reflection coefficient through an
equivalent nozzle length. In our case the asymptotic expansion can be performed in terms
of the invariants (for which the zeroth-order term is constant through the nozzle for any
flow configuration): equation (3.17) can be used to obtain an expression for the nth order
term of the asymptotic expansion of I. Considering I(ξ) = I(0) +ΩI(1)(ξ)+ · · ·+ΩnI(n)(ξ)
the nth order equation reads
d
dξ
[
I(n)
]
= Aˆ(ξ)I(n−1) for n > 0. (4.1)
where Aˆ = A/Ω is independent of Ω because A is a linear form of Ω as seen in (3.18). This
is a similar expression to the one obtained by Stow et al. (2002), but written in terms of
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I instead of ϕ, ν and ρ′/ρ and generalized up to any order and for any flow configuration.
As I(0) is constant through the nozzle, the first term of the asymptotic expansion can be
easily obtained through direct integration of Aˆ(ξ)I(0) element by element. This extends
the first order solution of Stow et al. (2002) for any flow condition. Yet, the complexity
of this method increases for higher order terms as I(n) is in general a function of ξ.
A simpler and more general method is proposed here to solve (3.17) based on the
Magnus expansion (Magnus 1954; Blanes et al. 2009). In this method, the solution of
(3.17) is written as
I(ξ) = [C (ξ)] I0, with C (ξ) = exp (B(ξ)), (4.2)
where I0 is the value of the invariant vector at the inlet. The asymptotic expansion
is performed in terms of B instead of expanding I directly. If matrix A(ξ) satisfied
A(ξ1)A(ξ2)− A(ξ2)A(ξ1) = 0 for any pair of values ξ1 and ξ2 (this is the case, for exam-
ple, if the Mach number is constant), then matrix B(ξ) could be calculated exactly by
integrating A(ξ) term by term,
B(ξ) =
∫ ξ
0
dξ1A(ξ1). (4.3)
In a more general case, matrix B(ξ) is obtained using the Magnus expansion,
B(ξ) =
∞∑
k=1
B(k)(ξ). (4.4)
The first three terms are given by
B(1)(ξ) =
∫ ξ
0
dξ1A(ξ1), (4.5)
B(2)(ξ) =
1
2
∫ ξ
0
dξ1
∫ ξ1
0
dξ2[A(ξ1),A(ξ2)], (4.6)
B(3)(ξ) =
1
6
∫ ξ
0
dξ1
∫ ξ1
0
dξ2
∫ ξ2
0
dξ3[A(ξ1), [A(ξ2),A(ξ3)]] + [A(ξ3), [A(ξ2),A(ξ1)]], (4.7)
where [A1 ,A2 ] = A1A2−A2A1 is the matrix commutator. The first term coincides exactly
with the solution given in (4.3) for the case when [A(ξ1),A(ξ2)] = 0, and the remaining
terms are corrections of higher order. As A(ξ) is of order O(Ω), the Magnus expansion
verifies that the kth term of the expansion is of order O(Ωk). This does not mean that
each kth term of the Magnus expansion will only contribute to the kth term of the
asymptotic expansion in I as the exponential of matrix B should be performed as seen
in (4.2).
The terms of the Magnus expansion can be calculated with a recursive procedure
reducing computational costs. Defining the matrix S
(k)
n recursively,
S(j)n =
n−j∑
m=1
[
B(m),S
(j−1)
n−m
]
2 6 j 6 n− 1
S(1)n =
[
B(n−1),A
]
S(n−1)n = ad
(n−1)
B(1)
(A)
, (4.8)
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where ad
(k)
B (A) is an iterated commutator given by
ad
(0)
B (A) = A ad
(k+1)
B (A) =
[
B, ad
(k)
B (A)
]
, (4.9)
and B(k) is finally obtained as
B(1)(ξ) =
∫ ξ
0
dξ1A(ξ1),
B(n)(ξ) =
n−1∑
j=1
bj
j!
∫ ξ
0
S(j)n (ξ1)dξ1
, (4.10)
where bj are the Bernoulli numbers (b1 = − 12 , b2 = 16 , b3 = 0, b4 = − 130 , b5 = 0 ... ). The
Magnus expansion has been widely used to solve linear systems of differential equations
with varying coefficients like (4.2), such as in Wilcox (1967) and in Madhu & Kurur
(2006).
To obtain the final solution, the value of B(ξ) has to be computed analytically (if
possible) or numerically and its exponential calculated to give C . This can be done using
different methods, as shown in Moler (2003). The method used hereafter is to perform a
Taylor series of the exponential, namely,
C = exp (B) = I + (B) +
1
2!
(B)2 + · · ·+ 1
n!
(B)n . (4.11)
Other methods can be used to calculate the matrix exponential with higher accuracy
and reducing computational cost. The advantage of the Taylor series used here is that, if
the Magnus expansion was truncated at the k−th order, the Taylor expansion can also
be truncated at the same order (as higher order terms are meaningless) reducing the
complexity of the solution. This method can be used to calculate C (ξ) in any section. In
particular at the inlet B(0) = 0 , and therefore C (0) = I , the identity matrix.
As each term of the Magnus expansion B(k) is of order O(Ωk), it is possible to calculate
a frequency-independent expression of the Magnus expansion using matrix Aˆ where the
term in Ω has been dropped. This expansion, denoted Bˆ(k), is used to obtain a general
form with no frequency dependence. When solving for each frequency, the expansion of
B can be calculated as B =
∑
ΩkBˆ(k).
The series of (4.4) is an expansion of the solution for I(ξ) around ξ = 0. The series
converges fast when the condition given by∫ ξF
0
||A(ξ)||2dξ < pi (4.12)
is satisfied (see Blanes et al. (2009); Casas (2007); Moan & Niesen (2006) for more details),
but may diverge for larger values of the integral. In the above, || · ||2 is the 2-norm of
the matrix, which for a square matrix is equal to the spectral norm (the largest singular
value of the matrix), and can be calculated as
||A||2 =
√
λmax(A∗A), (4.13)
where A∗ is the complex conjugate of A and λmax( ) is the largest eigenvalue of the
matrix.
As boundary conditions should be imposed both at the inlet and at the outlet (see
§ 5), the expansion should be valid until the outlet, ξF = 1. Integrating (4.12) gives a
critical value of the frequency, Ωcrit, from which the method may diverge. Below this
Solution of the quasi-one-dimensional LEE using flow invariants 11
value, the series converges fast and a few terms are enough to compute an approximate
solution.
4.1. Solution for larger frequencies
An analytical solution of the linearized Euler equations has been obtained for frequencies
up to Ωcrit. This method can be extended to compute the solution up to any frequency
as shown in Blanes et al. (2009). Given a certain value of Ωmax, (4.12) gives the maximal
value of ξ = ξ1, for which the solution given by (4.2) converges. In the general case,
ξ1 < 1. In that case the remaining part of the the solution I(ξ) may be calculated by
expanding it using the Magnus series around ξ1, which, for the given value of Ωmax
converges until ξ2. Proceeding with this method, each Magnus expansion of each nozzle
division allows us to write
I(ξn) = exp (B (ξn, ξn−1)) I(ξn−1). (4.14)
Combining the solutions from the inlet to the outlet,
I(ξN ) =
N∏
n=1
exp (B (ξn, ξn−1)) I0, (4.15)
where B (ξn, ξn−1) is the Magnus expansion that relates I(ξn) with I(ξn−1) through the
matrix exponential and N is the number of divisions of the nozzle.
5. Boundary conditions
Once (3.4)-(3.6) are solved, the equations relating the acoustic and entropy pertur-
bations at any point of the nozzle with the perturbations at the inlet are written as
I(ξ) = C (ξ)I0. If the compact solution is considered, matrix C is obtained through (2.1)-
(2.6) and is found to be the identity matrix. When considering the general solution in the
non-zero-frequency case, C is frequency-dependent and is calculated with the procedure
shown in § 4. In both cases, the boundary conditions should provide three equations at
the inlet or at the outlet to calculate I0. This should be done imposing only the incoming
information. For this reason, vector I should be decomposed into propagating waves.
To do so we place ourselves at a region where locally the section is considered con-
stant, at the inlet or at the outlet. Vector I is written as I = Iˆ exp(−i ∫ ξ
0
κ(ς)dς), with Iˆ
constant, and introduced in (3.17) to obtain an eigenvalue problem for κ. The solution
of this problem leads to
κ+ =
2piΩ
u¯+ c¯
, κ− =
2piΩ
u¯− c¯ and κ
s =
2piΩ
u¯
, (5.1)
which are the wavenumbers of the downstream and upstream acoustic waves and of the
entropy wave, propagating at dimensionless speeds u¯+ c¯, u¯− c¯ and u¯, respectively. The
associated eigenvectors are obtained and written in a matrix form as
Iˆ = DW =

η+ η− −1
β+ β− ζ
0 0 1


w+
w−
ws
 , (5.2)
where w+, w− and ws are the acoustic and entropy waves, and
η± =
1
2
(
1± 1
M
)
, β± =
(γ − 1)ζ
2
(1±M) and ζ =
(
1 +
γ − 1
2
M2
)−1
, (5.3)
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are used for simplicity. Inverting the system (5.2) and rewriting Iˆ using (2.4)-(2.6), the
waves can be written as a function of the primitive variables to yield (2.7). Each one of
the waves w+, w− and ws corresponds to a wavenumber κ+, κ− and κs, respectively,
and therefore to a propagating speed u¯+ c¯, u¯− c¯ and u¯. As only incoming waves can be
imposed, a difference should be made between the subsonic and the choked flow.
5.1. Subsonic flow
The propagation speeds of each wave define which ones can be imposed at the bound-
ary condition. For a subsonic flow, the downstream-propagating acoustic wave and the
entropy wave are imposed at the inlet (noted with the subscript ’0’), while the upstream-
propagating acoustic wave is imposed at the outlet (noted with ’1’) as seen in figure 1.
This gives the three conditions that can be imposed to solve for I0. The incoming acous-
tic waves can be imposed by setting their values either directly, or indirectly through a
reflection coefficient, relating it with the outgoing waves. For instance, the downstream-
propagating acoustic wave at the inlet can be written as w+0 = w
+
0,f +R0w
−
0 , where w
+
0,f
is a known forcing term at the inlet and R0 is the acoustic reflection coefficient at the
inlet. For the upstream-propagating acoustic wave at the outlet, the expression reads
w−1 = w
−
1,f +R1w
+
1 +Rsw
s
1, where w
−
1,f is a known forcing term at the outlet, R1 is the
acoustic reflection coefficient at the outlet and Rs is an extra term that accounts for the
generation of upstream-propagating acoustic waves by the entropy waves, which will be
used in §5.2. Similarly, the entropy wave can be written as ws0 = ws0,f + R′sw−0 , where
R′s is the entropy wave generated by an upstream-propagating acoustic wave and will be
used in §5.3. Equation (5.2) is applied at the inlet and at the outlet of the nozzle, where
boundary conditions are imposed. Knowing that I1 = C1I0 and using (5.2) for both the
inlet and the outlet, the equations for the waves can be written as
D1
 w+w−f
ws

1
= C1D0
 w+fw−
wsf

0
, (5.4)
where matrices D0 and D1 are obtained from (5.2) by introducing the additional reflection
coefficients,
D0 =

η+0 η
−
0 +R0η
+
0 −R′s −1
β+0 β
−
0 +R0β
+
0 + ζ0R
′
s ζ0
0 R′s 1
 , (5.5)
D1 =

η+1 +R1η
−
1 η
−
1 −1 +Rsη−1
β+1 +R1β
−
1 β
−
1 ζ1 +Rsβ
−
1
0 0 1
 . (5.6)
Waves with subscript ’f’ are known (forced at the inlet or at the outlet) and the rest
are unknown. There exist several methods to solve this system of equations. Here, a mod-
ification of the method proposed by Cumpsty & Marble (1977) to solve the propagation
of acoustic and entropy waves through a two-dimensional compact stator vane is adapted
to the one-dimensional non-compact nozzle. The matrix system of equation (5.4) can be
rearranged to have the unknowns on one side of the equation and the forcing values of
the waves on the other side. This is done by exchanging the second column of matrices
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Figure 2. Sketch of the acoustic and entropy waves in a converging-diverging choked nozzle.
D1 and C1D0 and changing the sign of each term. This operation leads to an equation
DoutWout = DinWin, where the vector Win is composed of the forcing waves w
+
0,f , w
−
1,f
and ws0,f and Wout has the unknown waves w
+
1 , w
−
0 and w
s
1. The system can be inverted
and solved. If needed, vector I0 can then be calculated using (5.2) at the inlet. As matrix
C , and in some cases the reflection coefficients and the forcing waves, are frequency-
dependent, the system should be solved individually for each frequency.
5.2. Choked flow
For choked flows, (3.15) cannot be inverted, as the matrix is singular at the throat, where
M = 1. As (3.15) was obtained through linear combination of (3.4)-(3.6), it can be con-
cluded that these equations present a singularity at the throat of a choked nozzle, as
shown by Marble & Candel (1977) for the case of a nozzle with a linear velocity profile.
This singularity is linked to the upstream-propagating acoustic wave, which changes the
propagating direction at the throat. The boundary condition is no longer imposed at the
nozzle outlet (as w− propagates downstream) but at the nozzle throat, where the wave
changes sign. The condition that should be imposed is that M ′/M = 0 at the throat.
This condition is equivalent to the one obtained by Stow et al. (2002) considering that
the solution is regular at the nozzle throat. This condition imposes that, in the choked
throat, no fluctuations of the Mach number can be present, as the throat is the region
with the minimal section. The condition M ′/M = 0 can be shifted to the nozzle inlet
when considering the compact hypothesis, as done by Marble & Candel (1977), but this
cannot be done in the non-compact case, as the boundary condition should be applied at
the nozzle throat. It can be shown that for the compact case this condition is the same
as the one imposed by Marble & Candel (1977), as explained in § 2
To solve a converging-diverging nozzle with a choked flow, the two sections on both
sides of the discontinuity will be calculated separately and matched together, as illus-
trated in figure 2. First the convergent subsonic region of the flow is calculated as in § 5.1
imposing two waves at the inlet (w+0 and w
s
0) and calculating the upstream-propagating
acoustic wave at the outlet (w−u ) using the condition M
′/M = 0. Secondly, the super-
sonic part of the nozzle is calculated, imposing three waves at the inlet, obtained from
the solution of the subsonic part and the analysis of the throat region.
To correctly impose the boundary conditions at the outlet of the subsonic half (w−u ),
and to calculate the three waves at the inlet of the supersonic region, the flow through
the nozzle throat should be analysed first. A small slab with infinitesimally wide section
through the throat is considered as was done by Moase et al. (2007) (as shown in fig-
ure 2), in which the Mach numbers at the inlet and at the outlet are Mu = 1−  and
Md = 1 + , respectively, where subscripts u and d denote the quantities taken upstream
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Figure 3. Sketch of a shock wave in a diverging section. u′s is the movement of the shock wave
due to the incoming perturbations.
and downstream of the compact nozzle throat region and  1. The boundary condition
M ′/M = 0 of (2.8) is applied at the nozzle throat, which is compact in the throat region.
It can be shown (Marble & Candel 1977; Stow et al. 2002) that, for this compact region,
this condition applies at any section of the infinitesimally short nozzle (as seen in § 2).
Writing (2.8) at the outlet of the upstream subsonic half-section as a function of the
three waves at the inlet (using (2.7)), and taking the limit → 0, the unknown reflected
wave w−u can be calculated as a function of the two incoming waves,
w−u = Ruw
+
u +Rsw
s
u, (5.7)
with
Ru =
3− γ
γ + 1
and Rs =
−2
γ + 1
. (5.8)
These reflection coefficients Ru and Rs should be imposed at the nozzle throat, and the
subsonic part of the nozzle can be solved as in § 5.1.
For the supersonic half, the three waves should be imposed at the inlet using the
relation Iu = Id for the compact region. The invariants at the outlet of the nozzle
are calculated using the Magnus expansion in the supersonic section, and knowing that
I1 = C
(d)Id, where C
(d) is calculated only in the diverging part of the nozzle. Inverting
(5.2), the waves at the outlet of the diverging section are calculated.
5.3. Supersonic flow with a shock wave
The transfer functions of a supersonic nozzle with a shock wave can be calculated by di-
viding the nozzle into two regions: the upstream region from the shock, which is computed
as in § 5.2, and the downstream region, calculated with the subsonic solution shown in
§ 5.1. The shock wave acts as an interface between the two regions. The response of the
shock wave to acoustic and entropy perturbations has been studied in depth (Marble &
Candel 1977; Kuo & Dowling 1996; Stow et al. 2002; Moase et al. 2007; Goh & Morgans
2011a; Leyko et al. 2011). The main steps of the method are summarized here, the reader
is referred to Moase et al. (2007) and Goh & Morgans (2011a) for more details.
First of all, the usual Rankine-Hugoniot shock relations are here written for the outlet
Mach number, the pressure, density and velocity as a function of the inlet Mach number
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as in Stow et al. (2002),
M2b =
1 +
γ − 1
2
M2a
γM2a −
γ − 1
2
,
pb
pa
=
2γM2a − (γ − 1)
γ + 1
and
ρb
ρa
=
ua
ub
=
γ + 1
2
M2a
1 +
γ − 1
2
M2a
, (5.9)
where the subscripts ( )a and ( )b represent quantities taken upstream and downstream
of the shock wave, as shown in figure 3. The shock is considered to oscillate about a mean
position ξs with an amplitude ξ
′
s due to the acoustic and entropy perturbations. These
oscillations are assumed to be infinitesimally small. This can be ensured if dA/dξ > 0
and is continuous at the shock location. The first order perturbations of the pressure,
density and velocity equations through the shock wave in its reference frame give
p′b,sh
γpb
− p
′
a,sh
γpa
=
4M2a
(γ + 1)
(
pa
pb
)(
M ′a,sh
Ma
)
,
ρ′b,sh
ρb
− ρ
′
a,sh
ρa
=
4
M2a (γ + 1)
(
ua
ub
)(
M ′a,sh
Ma
)
,
u′b,sh
ub
− u
′
a,sh
ua
=
−4
M2a (γ + 1)
(
ua
ub
)(
M ′a,sh
Ma
)
. (5.10)
The subscript ( )sh represents the fluctuations seen by the shock wave in its reference
frame, which can be decomposed into two terms: the absolute fluctuation in the fixed
reference frame, and an extra term caused by the movement of the shock wave inside a
nozzle with a mean pressure/density gradient. Up to fist order they read
p′a,sh
γpa
=
p′a
γpa
+
ξ′s
γpa
dpa
dξ
,
ρ′a,sh
ρa
=
ρ′a
ρ′a
+
ξ′s
ρa
dρa
dξ
, (5.11)
and similarly downstream of the shock wave. Note that the second term should be in-
cluded to account for the displacement of the shock wave inside a nozzle with a mean
flow gradient. The velocity and Mach number fluctuations seen by the shock wave are
written as
u′a,sh
ua
=
u′a
ua
+
ξ′s
ua
dua
dξ
− 1
u¯a
dξ′s
dτ
=
u′a
ua
+
ξ′s
ua
dua
dξ
− 2piiΩ
Mac¯a
ξ′s, (5.12)
M ′a,sh
Ma
=
M ′a
Ma
+
ξ′s
Ma
dMa
dξ
− 1
Mac¯a
dξ′s
dτ
=
M ′a
Ma
+
ξ′s
Ma
dMa
dξ
− 2piiΩ
Mac¯a
ξ′s, (5.13)
where the last term is caused by the movement of the shock wave, and M ′a/Ma is given
through (2.8) as a function of the pressure, velocity and entropy fluctuations.
To close the system of equations, the mean pressure and density gradients are written
as a function of the mean Mach number gradient using the isentropic relations upstream
and downstream of the shock wave. They read
1
γp
dp
dξ
=
1
ρ
dρ
dξ
=
−M
1 +
γ − 1
2
M2
dM
dξ
. (5.14)
A similar expression was given in (3.7) for the mean velocity gradient. Finally, using the
mass conservation through the shock wave, the Mach number gradient downstream can
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be written as a function of the upstream one,
M2b − 1
Mb
(
1 +
γ − 1
2
M2b
) dMb
dξ
=
M2a − 1
Ma
(
1 +
γ − 1
2
M2a
) dMa
dξ
. (5.15)
Using (5.11) and (5.12) in (5.10), and writing the mean pressure, velocity and den-
sity gradients as functions of the Mach gradient upstream of the shock wave (using
(5.14), (5.15) and (3.7)), the equations for the fluctuating primitive variables upstream
and downstream of the nozzle shock read
p′b
γpb
− p
′
a
γpa
=
4M2a
(γ + 1)
(
pa
pb
)[
M ′a
Ma
+ Γpξ
′
s
]
,
ρ′b
ρb
− ρ
′
a
ρa
=
4
M2a (γ + 1)
(
ua
ub
)[
M ′a
Ma
+ Γρξ
′
s
]
,
u′b
ub
− u
′
a
ua
=
−4
M2a (γ + 1)
(
ua
ub
)[
M ′a
Ma
+ Γuξ
′
s
]
, (5.16)
where for simplicity the functions Γ are defined as
Γp =
[
1− M
2
b −M2a
2M2aM
2
b (M
2
b − 1)
]
1
Ma
dMa
dξ
− 2piiΩ
Mac¯a
,
Γρ =
1
2
[
1 +
M2a − 1
M2b − 1
]
1
Ma
dMa
dξ
− 2piiΩ
Mac¯a
,
Γu =
1
2
[
1 +
M2a − 1
M2b − 1
]
1
Ma
dMa
dξ
−
(
M2a + 1
2
)
2piiΩ
Mac¯a
. (5.17)
The three equations of (5.16) can be combined to obtain two jump conditions independent
of ξ′s. The upstream fluctuating Mach number can be written as a function of the primitive
variables using (2.8) and knowing that ρ′/ρ = ϕ − σ and using (2.7) the two jump
conditions can be written as a function of the upstream- and downstream-propagating
acoustic waves and the entropy wave and solved to obtain the transfer functions of
Table 3.
The downstream subsonic region of the nozzle shock is calculated using the method
presented in § 5.1. At the inlet, the acoustic and the entropy waves coming from the
shock waves have to be imposed. Using Table 3 they read
w+b =
[
w+b
w+a
]
w+a +
[
w+b
w−a
]
w−a +
[
w+b
wsa
]
wsa︸ ︷︷ ︸
w+b,f
+
[
w+b
w−b
]
︸ ︷︷ ︸
Rin
w−b , (5.18)
wsb =
[
wsb
w+a
]
w+a +
[
wsb
w−a
]
w−a +
[
wsb
wsa
]
wsa︸ ︷︷ ︸
wsb,f
+
[
wsb
w−b
]
︸ ︷︷ ︸
R′s
w−b . (5.19)
The downstream-propagating acoustic wave is composed of a forcing wave w+b,f corre-
sponding to the first three terms of (5.18) and a reflection coefficient at the inlet equal to
the last term. Similarly, the entropy wave imposed at the inlet is divided into a forcing
term (the first three terms of (5.19)) and an entropy reflection coefficient R′s, correspond-
ing to the last term. Using these forcing waves and reflection coefficients, the subsonic
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w+b w
s
b
Response to
w+a = 1
α+
ψ+
φ
(
α+
ψ+
− 1
)
− Λ
(
1− γ − 1
2
Ma
)
Response to
w−a = 1
α−
ψ+
φ
(
α−
ψ+
− 1
)
+ Λ
(
1 +
γ − 1
2
Ma
)
Response to
wsa = 1
M2aM
2
b
δ
ψ+
1 +M2aM
2
b
δ
ψ+
+MaΛ
Response to
w−b = 1
−ψ
−
ψ+
φ
(
1− ψ
−
ψ+
)
Λ =
1−
(
Γρ
Γp
)
Ma
(
1 +
γ − 1
2
M2a
) δ = 2
(
1− Γu
Γp
)
(
1 +
γ − 1
2
M2a
)
α± =
(
Γu
Γp
)
±MaM2b
[
1− δ
(
1∓ γ − 1
2
Ma
)]
φ =
1
2
[
1− 1
M2aM
2
b
(
Γρ
Γp
)]
ψ± =
(
Γu
Γp
)
±M2aMb
Table 3. Acoustic and entropy transfer functions through a shock wave
region downstream of the shock can be calculated as in § 5.1.
6. Results
The method described in sections §§ 3-5 is here used to obtain the transfer functions of
several nozzle geometries at all frequencies. The asymptotic expansion is performed up to
fifth order in Ω, and the nozzle divided into several sections as shown in (4.14) depending
on each case. It was shown that, with the nozzle divisions satisfying (4.12), a fifth order
expansion in Ω is enough for the series to converge, and higher order terms are negligible
for all cases considered in the present study. The integrals in the Magnus expansion are
calculated using Simpson’s rule. In § 6.1 the method is used to calculate a nozzle with a
linear steady velocity profile, comparing the result with the analytical solution of Marble
& Candel (1977). A more realistic nozzle is also considered to evaluate the influence of
the exact Mach number profile on the transfer functions. The analytical model is then
compared with the experimental data of Bell et al. (1973) in section § 6.2. In § 6.3 the in-
variant method is compared with the phase correction of the reflection coefficient through
an effective nozzle length proposed by Stow et al. (2002) and to the extension proposed
by Goh & Morgans (2011a) when considering a choked flow through the nozzle. Section
§ 6.4 focuses on the transfer functions of subsonic converging-diverging nozzles. Finally
a parametric study on indirect to direct combustion noise is performed in section § 6.5
to extend the results of Leyko et al. (2009) to non-zero frequencies and provide some in-
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Figure 4. Section and Mach number of two linear steady velocity profile nozzles with inlet
Mach number of M0 = 0.29 and two different outlet Mach numbers
sight on how this ratio may vary at the exit of the turbine stage with increasing frequency.
6.1. Comparison with a linear steady velocity choked nozzle
In this subsection the invariant solution is compared with the analytical method proposed
by Marble & Candel (1977) for a non-compact nozzle. This method (detailed in the
Appendix) is not general. It can be used only by assuming a specific nozzle geometry in
which the steady velocity varies linearly with the axial coordinate (hereafter called the
linear nozzle for simplicity). Using this assumption, and with an appropriate change of
variable, the solution of the linearized Euler equations (3.1)-(3.3) can be written as a
sum of hypergeometric functions. Two nozzles are considered here, corresponding to an
inlet Mach number of M0 = 0.29 and two different outlet Mach numbers (M1 = 1.02 and
M1 = 1.5). The nozzle Mach number profile is calculated using (A 15) as explained in
the Appendix and the nozzle section is obtained using the steady quasi-one-dimensional
Euler equations and is given by
A
A∗
=
1
M
[(
2
γ + 1
)(
1 +
γ − 1
2
M2
)] γ + 1
2 (γ − 1)
, (6.1)
where A∗ is the critical section, where the Mach number is unity (equal in this case to
the throat section, as the flow is choked). Figure 4 shows the nozzle section and the Mach
number plotted as functions of the non-dimensional nozzle length ξ for both nozzles. The
responses of the two nozzles to an entropy perturbation at the inlet are plotted in figure 5
as a function of the reduced frequency Ω. The invariants method and the hypergeometric
equations are used to solve both cases, showing that both methods give the same results
when the same linear velocity profile is used, and tend to the compact solution for Ω = 0.
The indirect noise generated in this configuration decreases with increasing frequency,
showing that the compact nozzle hypothesis is limited to low frequencies and that the
modulus, and not only the phase, depends strongly on the frequency. Figure 6 shows the
upstream facing propagating acoustic wave at the outlet.
Both the invariant method and the hypergeometric equations can also be used to solve
for the reflection coefficient of linear nozzles. In figure 7 the acoustic reflection coefficient
of a choked nozzle with M0 = 0.29 and M1 = 1.5 is plotted for a unitary acoustic wave
at the inlet. The modulus of the reflected acoustic wave is seen to tend to zero as the fre-
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Figure 5. Amplitude and phase of the downstream-facing acoustic wave at the outlet w+1
generated by an incoming entropy wave, ws0 = 1 with M0 = 0.29. Invariants method (—–);
hypergeometric equation (•) and compact solution (− · − · −)
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Figure 6. Amplitude and phase of the upstream-facing acoustic wave at the outlet w−1 generated
by an incoming entropy wave, ws0 = 1 with M0 = 0.29. Invariants method (—–); hypergeometric
equation (•) and compact solution (− · − · −).
quency increases. Thus, the acoustic energy loss through the outlet boundary increases
with frequency, which is of great importance when studying thermoacoustic instabili-
ties. These results show the strong dependence of the transfer functions on frequency,
demonstrating that the compact nozzle hypothesis may not be suited for these applica-
tions when considering non-zero frequencies. Figure 8 shows the upstream-propagating
acoustic wave at the inlet generated by an entropy wave. This wave is responsible for
low-frequency instabilities in combustion chambers, as mentioned by Goh & Morgans
(2011b) and already observed in some industrial cases (Motheau et al. 2012).
It is interesting to compare the solutions obtained using the linear nozzle with a more
realistic geometry. Actual nozzles usually have a long diverging region compared to the
converging one. This is generally done to avoid flow separation at the diverging section,
where an adverse pressure gradient exists. When comparing two different geometries with
the same inlet and outlet Mach numbers, the compact solution at zero frequency predicts
the same values for the transfer functions for both nozzles. This is not the case for non-
zero frequencies where the transfer function depends strongly on the Mach number profile
M(ξ), and therefore on the specific geometry considered and not only on the inlet and
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Figure 7. Amplitude and phase of the reflection coefficient (w−0 due to w
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0 ) for a linear steady
velocity choked nozzle with M0 = 0.29 and M1 = 1.5. Invariants method (—–); hypergeometric
equation (•) and compact solution (− · − · −).
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Figure 8. Amplitude and phase of the acoustic wave w−0 generated by an incoming entropy
wave, ws0 = 1 with M0 = 0.29 and M1 = 1.5. Invariants method (—–); hypergeometric equation
(•).
outlet Mach numbers. The transfer functions of the linear nozzle are therefore compared
with those of a more realistic geometry with the same inlet and outlet Mach numbers
to evaluate the differences between the transfer functions at non-zero frequencies. The
geometry studied here is given by a simple analytical expression dividing the converging
and the diverging regions into two parts,
A(ξ)
A∗
=

1
2
(
A0
A∗
− 1
)[
cos
(
pi
ξ
ξ∗
)
+ 1
]
+ 1 if ξ ∈ [0, ξ∗]
1 +
(
A1
A∗
− 1
)
ξ − ξ∗
1− ξ∗ if ξ ∈ [ξ∗, 1]
. (6.2)
where A(ξ) is the nozzle section. Subscript ( )∗ represents the throat section where
M∗ = 1. The nozzle is fully described with three parameters: the non-dimensional con-
verging length (ξ∗ = 0.15 for the rest of this section) and the inlet and outlet dimen-
sionless section ratios A0/A∗ and A1/A∗, which are related to the inlet and outlet Mach
numbers through (6.1). A cosine profile was chosen for the converging region to yield a
smooth flow up to the throat, while the diverging section was chosen linear, so that the
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Figure 9. Section and Mach number of a converging-diverging nozzle. Geometry obtained with
(6.2) (—–) and with the linear steady velocity profile (− − −) with inlet and outlet Mach
numbers M0 = 0.29 and M1 = 1.5 for both nozzles. (•) represents the nozzle subdivisions for
the invariants method to calculate up to Ω = 5.
radius is proportional to
√
x, which is a usual feature of rocket engines. This allows a
complete description of the nozzle with only three parameters. The nozzle geometry and
Mach number are shown in figure 9 for the M0 = 0.29, M1 = 1.5 case used here, com-
pared with the previous geometry obtained for the linear nozzle. Note that the diverging
region is larger in the realistic nozzle than in the linear one and that the geometry and
Mach number distribution are significantly different from the linear velocity profile one.
Using the nozzle geometries shown in figure 9, the transfer functions of an incident
acoustic wave are calculated. The subdivision used in the Magnus expansion to reach
Ω = 5 are also shown. Figure 10 shows the downstream-propagating acoustic wave at
the outlet generated by an acoustic wave at the inlet, and figure 11 shows the reflection
coefficient of the nozzle, calculated both for the linear nozzle using the hypergeometric
solution of the Appendix and for the realistic nozzle of (6.2) using the invariants method
and the Magnus expansion. As expected, at zero frequency there is no difference between
the two nozzles, but both the modulus and phase of the transfer functions present large
differences when considering non-zero frequencies even if the inlet and the outlet Mach
numbers are the same. This shows that, while for the compact case the transfer func-
tions depend only on the inlet and the outlet Mach numbers, the non-compact solution
depends strongly on the evolution of the mean flow through the nozzle and therefore on
the nozzle geometry.
The transfer functions of the realistic nozzle geometry calculated with the Magnus
expansion are also compared with a numerical solver (Silva 2010; Giauque et al. 2012),
solving the linearized Euler equations in the frequency domain with a second order cen-
tred spatial scheme. The discretization is such as to have at least 100 points per acoustic
wavelength for Ω = 5 at the inlet. It can be seen that the analytical method agrees
with the numerical simulations, and some discrepancies can be found only at high values
of the reduced frequency. Figure 12 shows the indirect noise generated by an entropy
wave in the same nozzle. Again, it should be noted that the transfer function depends
on the nozzle geometry (and not only on the inlet/outlet Mach number) for non-zero
frequencies. The transfer functions of the realistic nozzle geometry are again compared
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Figure 10. Amplitude and phase of the acoustic wave at the outlet w+1 generated by an incoming
acoustic wave at the inlet w+0 . Geometry obtained with (6.2) and solved using the invariants
method (—–) and numerically (◦); linear steady velocity profile (−−−).
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Figure 11. Amplitude and phase of the reflected acoustic wave at the inlet w−0 generated by
an incoming acoustic wave at the inlet w+0 . Geometry obtained with (6.2) and solved using the
invariants method (—–) and numerically (◦); linear steady velocity profile (−−−).
with numerical simulations, showing a fair agreement up to Ω = 3, where the numerical
scheme starts to present some dispersion of the entropy wave. The same numerical dis-
cretization as for the acoustic transfer function has been used, and therefore about 30
points per entropy wavelength are used at Ω = 5. The computational cost of solving the
linearized Euler equations numerically is at least 100 times larger than computing the
Magnus expansion of Section 4, and for a fixed numerical resolution (number of points
per entropy wavelength) this difference increases as the minimum Mach number of the
nozzle decreases.
6.2. Comparison with experimental measurements
The analytical method proposed in § 4 eliminates the compact hypothesis used previously
to calculate the transfer functions of the nozzle, but is still based on strong assumptions.
These simplifications, such as considering a steady, inviscid main flow, neglecting bound-
ary layers or considering a 1D flow inside the nozzle can only be verified when compared
either with fully turbulent 3D high-fidelity numerical simulations in which every length-
scale of the flow is considered, or with experimental data in real configurations. Zinn
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Figure 12. Amplitude and phase of the acoustic wave at the outlet w+1 generated by an incoming
entropy wave at the inlet ws0. Geometry obtained with (6.2) and solved using the invariants
method (—–) and numerically (◦); linear steady velocity profile (−−−).
Figure 13. Axisymmetric nozzle geometry of Bell et al. (1973).
et al. (1973) and Bell et al. (1973) developed an experiment to measure the admittance
of several rocket engine nozzle geometries, showing the influence of the nozzle geometry
on the admittance at non-zero frequencies. This experiment is used in this section to
validate the invariants method.
The axisymmetric nozzles considered by Bell et al. (1973) are shown in figure 13, where
the contour of the nozzle, r(x), is plotted. They are made up of three sections: first a
circular arc of radius rcc starting at the inlet and turned an angle θ1; this arc joins a
conical section with the same half-angle, connecting with the third part, a circular arc
of the same radius turned an angle of θ1. Knowing that the nozzles are all choked, the
geometry of the converging section is fully defined with the inlet Mach number and the
two geometrical parameters θ1 and rcc/rc (the ratio of curvature of the inlet and outlet
arcs over the nozzle inlet radius). As the nozzles are choked, the diverging section is
not detailed as it has no effect on the reflecting properties at the inlet (waves do not
propagate upstream in the supersonic part).
To compare against experimental data, the admittance (Y ) will be used, which is
defined as the inverse of the impedance of the nozzle (Z), and can be calculated as
Y =
1
Z
= ρc
u′
p′
∣∣∣∣
0
=
Mν
ϕ
∣∣∣∣
0
. (6.3)
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To calculate the admittance using the analytical method, the mean flow is obtained
by solving (6.1), and therefore viscous effects, boundary layers and 2D/3D effects are
neglected. The invariants equation is solved setting all incoming waves to zero except
the incoming acoustic wave w+0 = 1. The reflected wave w
−
0 is obtained in this way and,
using (2.7), the admittance can be calculated as
Y =
w+0 − w−0
w+0 + w
−
0
=
1−R0
1 +R0
, (6.4)
where R0 = w
−
0 /w
+
0 is the reflection coefficient. Results will be plotted as a function
of the non-dimensional frequency S = 2pifrc/c0 as done by Bell et al. (1973), where
the angular frequency (2pif), the nozzle inlet radius (rc) and sound speed (c0) are used.
This reduced frequency can be easily related to the one used previously in this paper
(S = 2piΩrc/Ln) but S will be used in this section as done by Bell et al. (1973) to com-
pare with their results.
Out of all the cases studied by Bell et al. (1973) three will be considered here, cor-
responding to an inlet Mach number of 0.08, a radius ratio rcc/rc = 0.44 and three
half-angles, θ1 = 15, 30 and 45. Figure 14 shows the admittance of the three nozzles
computed with the analytical method of § 4 compared to the experimental values. Bell
et al. (1973) compared their results with Crocco’s theory (Crocco & Sirignano 1967) with
which, under similar hypotheses as used for the invariants theory, the nozzle admittance
was obtained by integrating numerically a non-linear Riccati equation. These numerical
results perfectly match with the invariants solution and are not shown here but can be
found in figure 4 of Bell et al. (1973). In figure 14 the analytical solution obtained with
the flow invariants using the Magnus expansion compares well with the experimental data
within the experimental error and the limitations of the invariants theory. This shows
that the invariants theory can be used to compute reflection coefficients (impedances or
admittances) of rocket engine nozzles or gas-turbine nozzles for combustion instability
studies. Results also illustrate that the reflecting properties of 1D nozzles strongly depend
on the geometry of the converging section when considering non-zero frequencies, show-
ing the interest of an analytical method able to solve the propagation of waves through
any nozzle geometry, even if strong assumptions are still being made.
6.3. Comparison with the ’equivalent nozzle length’ method for choked nozzles
The method of Stow et al. (2002) in which the phase of the reflection coefficient is cor-
rected through an equivalent nozzle length is here compared with the invariant method.
The phase correction of the inlet reflection coefficient is written as[
w−0
w+0
]
=
[
w−0
w+0
]
MC
exp
[−i (k+ + k−) lΩ] , (6.5)
where the subscript [ ]MC represents the transfer function computed through the com-
pact nozzle hypothesis (as seen in Table 2). For the reflection coefficient of a choked
nozzle it reads [
w−0
w+0
]
MC
=
1− 12 (γ − 1)M0
1 + 12 (γ − 1)M0
. (6.6)
In the above, k+ = 2pi/(M0 + 1) and k
− = 2pi/(M0− 1) are the dimensionless wavenum-
bers and the equivalent nozzle length l is computed using the asymptotic expansion of
the linearized Euler equations up to first order and considering a low Mach number at
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Figure 14. Real and imaginary parts of the acoustic admittance Y of three different choked
nozzles; M0 = 0.08, rcc/rc = 0.44. For θ1 = 15: analytical (—–), experiments (◦). For θ1 = 30:
analytical (−−−), experiments (4). For θ1 = 45: analytical (· · ·), experiments ().
the inlet (for more details see Stow et al. (2002)). It reads
l =
∫ ξ∗
0
u¯(0)
u¯(ξ)
dξ. (6.7)
This correction is valid for choked nozzles and in the case of small inlet Mach numbers.
As seen in (6.5), the correction affects the phase prediction only, leaving the modulus of
the solution constant and equal to the compact prediction.
The geometry considered for this analysis is the one used by Stow et al. (2002) for their
study (see figure 15), with a choked flow. Figure 16 shows the reflection coefficient of the
choked nozzle obtained using both methods. It is shown that the effective nozzle length
successfully corrects the phase of the reflection coefficient. The invariants method, how-
ever, corrects both the phase and the modulus of the transfer functions. The numerical
results of Stow et al. (2002) are also reproduced in the figure for the sake of comparison.
The equivalent nozzle length method was extended by Goh & Morgans (2011a) to
compute the phase of the transmission coefficients for the acoustic and the entropy waves.
This method is based on the combination of several equivalent lengths through the con-
vergent and the divergent sections to obtain the correct phase prediction of the transfer
functions of the nozzle in a similar way as the reflection coefficient (for more details see
Goh & Morgans (2011a)). Their results are compared here with the invariants method
for three flow configurations: choked, choked with a shock wave at the exit and choked
with a shock wave in the divergent section. For simplicity, the geometry used is the same
as in Goh & Morgans (2011a), where the steady Mach number has been calculated an-
alytically using the steady quasi-1D equations and is plotted in figure 17 for the three
flow configurations studied hereafter.
Figures 18 and 19 show the acoustic wave at the outlet of the nozzle generated by
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Figure 15. Plot of A(ξ) of the nozzle of Stow et al. (2002).
0 0.4 0.8 1.2 1.6 2
0
0.2
0.4
0.6
0.8
1
1.2
M
o
d
u
lu
s
Ω
0 0.4 0.8 1.2 1.6 2−3pi/2
−pi
−pi/2
−2pi
−3pi/2
−pi
−pi/2
0
P
h
a
s
e
Figure 16. Amplitude and phase of the reflected acoustic wave at the inlet of the nozzle (w−0
due to w+0 ). Stow’s equivalent length method, (+), Stow’s numerical results (◦), and invariants
method (—–).
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Figure 17. Plot of M(ξ) of the nozzle used in Goh & Morgans (2011a) for three flow config-
urations: choked isentropic (thick line), choked with a shock wave at the nozzle exit (thin line)
and choked with a shock wave in the divergent (dashed line).
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Figure 18. Amplitude and phase of the transmitted acoustic wave generated by an acoustic
perturbation at the inlet for a choked nozzle. Equivalent nozzle length method (◦), Marble and
Candel method (×) and invariants method (—–).
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Figure 19. Amplitude and phase of the transmitted acoustic wave generated by an entropy
perturbation at the inlet for a choked nozzle. Equivalent nozzle length method (◦), Marble and
Candel method (×) and invariants method (—–).
an acoustic and an entropy perturbation at the inlet for the choked case. The transfer
function is computed using three different methods: the compact hypothesis of Marble
& Candel (1977), the first order correction of the phase (Goh & Morgans 2011a) and the
invariants method presented previously. Results show that the equivalent length method
of Goh gives a fair correction of the phase of the transmission coefficient for small fre-
quencies only. The modulus of the transmission coefficient, however, is also found to
vary with the frequency of the inlet perturbation due to the non-compact propagation
of waves through the nozzle. This effect represents a significant difference at non-zero
frequencies which cannot be corrected with the effective nozzle length method, showing
the advantage of a complete analytical solution of the linearized Euler equations up to
any order in Ω.
When considering a flow with a shock wave inside the nozzle, the interaction of the
acoustic waves with the shock has to be considered, as seen in § 5.3. First of all, the
case of a shock wave at the outlet of the nozzle is considered, as done in Goh & Mor-
gans (2011a). In this case, the terms dMa/dξ of (5.17) are zero and the transfer functions
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Figure 20. Amplitude and phase of the transmitted acoustic wave generated by an acoustic
perturbation at the inlet for the choked case with a shock wave at the end of the nozzle.
Equivalent nozzle length method (◦), Marble and Candel method (×) and invariants method
(—–).
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Figure 21. Amplitude and phase of the transmitted acoustic wave generated by an entropy
perturbation at the inlet for the choked case with a shock wave at the end of the nozzle.
Equivalent nozzle length method (◦), Marble and Candel method (×) and invariants method
(—–).
through the shock wave therefore become frequency-independent. Figures 20 and 21 show
the acoustic wave generated at the outlet by an incoming acoustic and entropy wave at
the inlet respectively, calculated using Marble and Candel’s compact solution for the
propagation of waves through a nozzle with a shock wave, the equivalent length method
of Goh and the invariants method. Both corrective methods again show a good agree-
ment for low frequencies, although the first order correction of the phase through the
equivalent nozzle length fails to correctly predict the modulus of the transfer functions
at higher frequencies.
The study of the stability of shock waves in a nozzle shows that they are stable
only when located in the diverging region of the nozzle. This is why the study of the
interaction of acoustic waves with the shock wave should be done when it is located in
the divergent section. The shock wave will therefore fluctuate in a region of the nozzle
where a mean density, pressure, Mach number and velocity gradients exist. Taking into
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Figure 22. Amplitude and phase of the transmitted acoustic wave generated by an acoustic
perturbation at the inlet for the choked case with a shock wave. Equivalent nozzle length method
(◦), Marble and Candel method (×) and invariants method (—–).
account these mean flow gradients, the solution explained in § 5.3 is obtained. In this
case the transfer functions of the acoustic and entropy waves through the shock wave
are frequency-dependent regardless of the compactness of the nozzle. This is caused by
the frequency dependence of the acoustic transfer functions through a shock wave, as
seen in Table 3. Figures 22 and 23 show the acoustic wave at the outlet of the nozzle
generated by an acoustic and an entropy wave at the inlet respectively, calculated with
Marble and Candel’s method, the equivalent nozzle length method of Goh and Morgans
and the invariants method. Results show a good agreement for low frequencies between
the invariants method and the equivalent length method, where the propagation of waves
through the nozzle can be considered compact and therefore the frequency dependence
of the solution is driven by the transfer functions of the shock wave (Table 3). At larger
frequencies, however, discrepancies are found caused by the variation of the modulus of
the transfer functions of the nozzle upstream and downstream of the shock wave, which
Goh and Morgans calculate using the compact nozzle assumption. It should be noted
that Marble and Candel’s solution shown in figures 22 and 23 does not consider the
mean Mach number gradient in (5.11-5.13), and therefore is constant with frequency and
does not agree with the solutions obtained in § 5.3.
6.4. Study of subsonic nozzles
The solution of the LEEs using the invariants and the Magnus expansion proposed in
§ 4 can also be used to solve subsonic nozzles of any considered geometry. The nozzle
analysed here is the one used for the Entropy Wave Generator (EWG) experiment. This
experiment, performed by Bake et al. (2009), studied the indirect noise generated by a
convected entropy wave through a nozzle. The subsonic response of the nozzle is here
studied as an example for several Mach number profiles as seen in figure 24 and in Ta-
ble. 4. To do so, a non-reflecting boundary condition is imposed both at the inlet and
at the outlet as we are interested only in the transfer functions. Figure 25 shows the
acoustic transmitted and reflected waves generated by a unitary entropy wave at the
inlet for several throat Mach numbers. The result shows that the response of the nozzle
at non-zero frequencies is significantly different from the solution obtained at Ω = 0. For
instance, at Ω = 0.1 the transmitted wave is 40 times larger than the one predicted by the
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Figure 23. Amplitude and phase of the transmitted acoustic wave generated by an entropy
perturbation at the inlet for the choked case with a shock wave. Equivalent nozzle length method
(◦), Marble and Candel method (×) and invariants method (—–).
Inlet Mach Throat Mach Outlet Mach
Number (M0) Number (MT ) Number (M1)
Case 1 0.0305 0.6 0.0171
Case 2 0.0331 0.7 0.0186
Case 3 0.0349 0.8 0.0196
Table 4. Mach numbers in the EWG nozzle for the three mean flow configurations considered
compact theory, and it keeps on increasing with frequency. A similar response is found in
the case of the reflected acoustic wave. The compact analysis is therefore limited to very
low frequencies in the case of converging-diverging nozzles. The increase of indirect noise
generated by the nozzle at non-zero frequencies is caused by the strong acceleration and
deceleration of the mean flow in the nozzle throat. This acceleration and deceleration has
no effect at zero frequencies, as the indirect noise generated by the converging section
is cancelled out by the one generated in the diverging region. This occurs because the
indirect noise is generated by the mean velocity gradient of the nozzle, which is positive
in the convergent section and negative in the divergent section for subsonic nozzles. At
non-zero frequencies however, the acoustic waves are not perfectly cancelled out due to
the phase-shift linked to the different propagation speeds of acoustic and entropy waves
inside the nozzle. For this reason indirect noise increases drastically at non-zero frequen-
cies. This does not occur in choked nozzles as shown in figure 5 as the mean velocity
gradient is always positive.
Figure 25 also shows that, when considering the compact nozzle solution, the re-
sponse of the nozzle is almost unaltered when changing the Mach number profile. For
zero frequencies, the transfer function is only dependent on the inlet and outlet Mach
numbers (see Table 1), which are only slightly changed for the three cases studied here.
However, for increasing frequencies the Mach number profile is shown to have a strong
influence on the entropy transfer functions. The entropy transfer function depends on
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Figure 24. Section of the EWG nozzle, and three Mach number profiles, corresponding to
three different throat Mach numbers.
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Figure 25. Amplitude of the transmitted and reflected acoustic waves generated by an entropy
wave in the EWG nozzle for different throat Mach numbers calculated using the invariants.
the complete Mach number profile and, in the case of the converging-diverging nozzle
studied here, the small variations of Mach number at the inlet induce large variations
of the throat Mach number as seen in Table. 4, which will in turn strongly modify the
transfer functions at non-zero frequencies.
Figure 26 shows the same plot as in figure 25 for the case MT = 0.7 only calculated
using the Magnus expansion at different orders to show the convergence of the method.
It can be seen that an order four or five is enough to calculate the modulus of the entropy
transfer functions.
The EWG nozzle geometry can be used to study the response of a subsonic nozzle to
acoustic perturbations. In figure 27 the reflection and transmission coefficients similarly
show that the solution for non-zero frequencies strongly differs from the compact solution
at Ω = 0. The evolution of the reflection coefficient of this subsonic nozzle is the inverse
of the one observed in the choked nozzle (Figure 7): in the choked case the reflection co-
efficient at Ω = 0 is about 0.9 and tends to zero when Ω increases while for the subsonic
case the reflection coefficient is small at Ω = 0 and increases thereafter towards one.
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Figure 26. Amplitude of the transmitted and reflected acoustic waves generated by an entropy
wave in the EWG nozzle for MT = 0.7 calculated using the invariants at different orders of the
Magnus expansion.
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Figure 27. Amplitude of the acoustic transmission and reflection coefficients of the EWG
nozzle calculated using the invariants.
In the case of acoustic disturbances entering the nozzle, the influence of the Mach
number profile through the nozzle is very limited. Figure 27 shows that the three cases
studied are almost identical.
6.5. Parametric study on direct and indirect combustion noise
The analytical solution of the LEEs through the invariants method can be used to perform
a parametric study of combustion noise at the outlet of a combustion chamber, which
is critical for a proper estimate of transmission losses through turbine stages and could
explain the observed aft spectra of small turbo-engines and helicopter turbo-shaft engines.
When a turbulent confined flame fluctuates, it generates both entropy and acoustic waves.
The propagation of these waves generates two types of noise: direct noise, produced
by the acoustic waves that propagate through the turbine stages and reach the outlet,
and indirect noise, generated inside the turbomachinery by the acceleration of entropy
waves generated during combustion. The relative importance of indirect noise is therefore
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Combustor Combustor outlet
Nozzle inlet
Nozzle outlet
Figure 28. Simplified model of a combustor used by Leyko et al. (2009).
linked to the propagation of waves through a non-uniform flow. Leyko et al. (2009)
compared the direct and indirect combustion noise generated in a model combustor. The
analysis performed was based on a simple tube with a one-dimensional cold flame followed
by a compact converging-diverging nozzle as illustrated in figure 28. A cold flame is a
simplification in which a flame is considered to generate only fluctuating heat release,
with no mean value. With this simplification, the mean flow upstream and downstream of
the flame are assumed to be equal, as was done by Leyko et al. (2009). Using this simple
model, the ratio of indirect to direct noise generated by a fluctuating heat release was
estimated for different Mach numbers using the compact nozzle hypothesis. To solve the
compact cold flame Leyko et al. (2009) used the compact equations (2.1)-(2.3) written
between the inlet and the outlet of the cold flame, with a fluctuating heat source term
Q˙′ in both the energy and the entropy equations:
(m˙′)0′ = (m˙
′)0 , (6.8)
(cpm˙T
′
t )0′ + Q˙
′ = (cpm˙T ′t )0 , (6.9)
(m˙s′)0′ +
Q˙′
T
= (m˙s′)0 . (6.10)
Defining the dimensionless fluctuating heat release as q′ = Q˙′/(m˙cpT ) and knowing
that M0′ = M0 for the cold flame, the equations can be written using the primitive
variables:
(ϕ+ ν − σ)0′ = (ϕ+ ν − σ)0 , (6.11)(
(γ − 1)M2ν + (γ − 1)ϕ+ σ)
0′ + q
′ =
(
(γ − 1)M2ν + (γ − 1)ϕ+ σ)
0
, (6.12)
(σ)0′ + q
′ = (σ)0 . (6.13)
Using the waves definition (2.7) and imposing no incoming waves (w+0′ = 0, w
s
0′ = 0,
w−0 = 0), the outcoming entropy and acoustic waves generated by the heat release fluc-
tuation q′ read
ws0 = q
′, w+0 =
M0
1 +M0
q′ and w−0′ =
M0
1−M0 q
′. (6.14)
The ratio of indirect to direct combustion noise, η, is defined as the ratio of the acoustic
waves generated at the outlet of the nozzle by the entropy waves (indirect noise) to the
acoustic waves at the outlet generated by the propagation of the acoustic waves produced
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by the fluctuating heat release. It follows that
η =
w+1
ws0︸︷︷︸
entropy TF
× w
s
0
w+0︸︷︷︸
wave ratio
×
[
w+1
w+0
]−1
︸ ︷︷ ︸
acoustic TF
, (6.15)
where the ’wave ratio’ term is obtained from (6.14). The first term is the entropy transfer
function of the nozzle, which gives the acoustic wave generated by a unitary entropy wave.
Similarily, the third term is the acoustic transfer function. Leyko et al. (2009) calculated
both transfer functions using the compact nozzle hypothesis (Tables 1 and 2) obtaining
an analytical expression
η =
1
M0
(M1 −M0) (M1 +M0)
2
(
1 + 12 (γ − 1)M21
) for subsonic nozzles and (6.16)
η =
1 +M0
M0
(M1 −M0)
2
(
1 + 12 (γ − 1)M1
) for the choked case. (6.17)
Using this compact solution, Leyko et al. (2009) evaluated the ratio of indirect to direct
noise for different inlet and outlet Mach numbers. The invariants method is here used to
obtain the indirect to direct noise ratio as a function of the frequency of the fluctuating
heat release. To do so, the nozzle geometry of (6.2) is considered for the choked cases. In
the subsonic case only a converging section is used for simplicity. The invariants are solved
for different inlet and outlet Mach numbers to calculate the indirect to direct noise ratio
η for reduced frequencies Ω from 0 to 2.5. In total 2500 different nozzle geometries are
solved at six frequencies the complete calculation taking less than 2.5 hours on a single
CPU (2.66 GHz). Figure 29 shows the noise ratio as a function of the inlet and the outlet
Mach numbers for several frequencies. The results show a perfect agreement between the
compact solution and the invariants one calculated at Ω = 0. For larger frequencies the
indirect to direct noise ratio decreases as Ω increases, which means indirect noise is only
significant at low frequencies and could be neglected at high frequencies.
The results can be analysed through previous results obtained in § 6.1. Figure 5 shows
that, for choked nozzles, the indirect noise generated by a unitary entropy wave at the
inlet decreases with increasing frequency. On the other hand, the direct noise generated
by an acoustic wave at the inlet (shown in figure 10 for the same nozzle) increases slightly
with Ω and then remains constant. The effect of both terms will add up to give an indirect
to direct noise ratio η that will decrease with Ω. In the subsonic region of figure 29 it can
also be seen that the indirect to direct noise ratio decreases with increasing frequency.
However, this result can be shown to depend on the nozzle geometry considered. As
previously stated, a converging geometry has been used to perform the parametric study.
Section § 6.4 showed the case of a subsonic converging diverging nozzle, with low inlet
and outlet Mach numbers but a strong acceleration of the flow at the nozzle throat.
Results in figures 25 and 27 show that indirect noise increases with frequency and that
direct noise decreases, giving therefore an indirect to direct noise ratio that will strongly
increase with frequency for the considered nozzle geometry. This shows the importance
of an analytical solution valid for any nozzle geometry and any flow condition.
7. Conclusion
An analytical solution for the one-dimensional linearized Euler equations has been
found, combining the invariants equations with the Magnus solution of a linear system of
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Figure 29. Indirect to direct noise ratio η calculated using the invariant method as a function
of the inlet and the outlet Mach numbers of the nozzle, M0 and M1 for different frequencies.
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differential equations with varying coefficients. Boundary conditions have been applied
for both subsonic and choked cases. This solution has been successfully validated with
the analytical solution found by Marble & Candel (1977) for the case of a nozzle with a
linear steady velocity profile. The analytical method through the flow invariants extends
the solution of both Stow et al. (2002) and Goh & Morgans (2011a), predicting both the
phase and the modulus of the transfer functions as a function of frequency in any flow
configuration with any nozzle geometry, and generalizing the solution up to any order in
the asymptotic expansion. The present solution also removes the inherent assumption of
a piecewise-linear approximation of the velocity profile in the nozzle assumed by Moase
et al. (2007) in their generalization of the hypergeometric solution of Marble & Candel
(1977). It can deal with any arbitrary velocity profile in C0, or equivalently any noz-
zle geometry and back-pressure. Therefore, the present method based on invariants and
the Magnus expansion extends and unifies all existing asymptotic or piecewise solutions
to the quasi-one-dimensional linearized Euler equations, and prevents any convergence,
dispersion and dissipation issues and computational cost associated with numerical meth-
ods.
Results show that the transfer functions of choked nozzles vary strongly with the fre-
quency of the perturbation. This strong variation affects both the transmission and the
reflection coefficients of entropy and acoustic waves, and should be taken into account to
correctly predict combustion noise and thermoacoustic instabilities.
The linear steady velocity nozzle profile has also been compared with more realistic
nozzles, where the geometry is given through realistic design constraints such as prevent-
ing flow separation in the diverging region. This comparison showed that for non-zero
frequencies the transfer functions are dependent on the considered geometry, and differ
from one nozzle to another even if the inlet and outlet Mach numbers are equal. This
demonstrates the interest of a general analytical solution in which any nozzle geometry
can be solved in any flow configuration.
The subsonic flow has also been investigated using the invariants method. Results
showed that, for the converging-diverging subsonic nozzle used in the EWG experiment,
the acoustic waves generated by entropy waves (indirect noise) strongly depend on the
frequency of the perturbation. A similar conclusion was drawn when studying the acous-
tic response of the nozzle, showing again that the non-compact effect should be taken into
account when studying noise propagation through accelerating and decelerating flows.
The assumptions made when using the one-dimensional linearized Euler equations
limit the results to frequencies lower than the first cut-off frequency and, at the same
time, to 1D inviscid flows. The solution has been compared with experimental data of
rocket engine nozzles showing a good agreement, regardless of the assumptions made.
This shows that the method can be used to obtain a correct estimate of the reflection co-
efficient of nozzles, even if the flow details, turbulence and boundary layers are neglected.
An improvement of the method could be to consider the boundary-layer displacement
thickness to obtain a more realistic mean flow through the nozzle before solving the in-
variant equations. The comparison with experimental data shows at the same time that
the reflecting properties of a choked nozzle strongly depend on the geometry considered
at non-zero frequencies and that the invariants method is able to predict this behaviour
for both the modulus and the phase of the reflecting properties. This is particularly im-
portant for the analysis of combustion instabilities as the reflecting condition of choked
nozzles monitors the energy loss through the outlet, and therefore the stability of the
mode itself.
A parametric study of indirect to direct noise ratio has been finally performed. This
study generalizes the work done by Leyko et al. (2009) who made a parametric study
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of nozzles for the compact case. The non-compact parametric study was carried out,
showing that, for the type of geometry considered, the indirect to direct noise ratio as
defined by Leyko et al. (2009) globally decreased with frequency, and consequently the
indirect noise source should prevail only at low frequencies.
Appendix A
Marble & Candel (1977) proposed an analytical method to solve the linearized Euler
equations (3.1)-(3.3) in a nozzle with a linear steady velocity profile. The origin of the x
coordinate system is taken where the steady velocity is zero. Using the subscript ( )∗
for quantities taken at the choked section, the dimensionless time and space coordinates
can be defined as τˆ = tc∗/x∗ and ξˆ = (x/x∗)2 = (u/u∗)2 if x = 0 is taken where u = 0
(even if this point is extrapolated outside the computational domain). Marble & Candel
(1977) used these variables to transform (3.1)-(3.3) into[
∂
∂τˆ
+ 2ξˆ
∂
∂ξˆ
]
(ϕ) + 2ξˆ
∂
∂ξˆ
(ν) = 0, (A 1)
[
∂
∂τˆ
+ 2ξˆ
∂
∂ξˆ
]
(ν) +
[
γ − 1
ξˆ
− γ + 1
]
ξˆ
∂
∂ξˆ
(ϕ) + 2ν − (γ − 1)ϕ− σ = 0, (A 2)
[
∂
∂τˆ
+ 2ξˆ
∂
∂ξˆ
]
(σ) = 0. (A 3)
Assuming that the disturbances are harmonic, ϕ = P (ξˆ) exp(iΩˆτˆ), ν = U(ξˆ) exp(iΩˆτˆ)
and σ = σ(ξˆ) exp(iΩˆτˆ) are used, with Ωˆ = 2pifx∗/c∗. (A 3) is directly solved, giving
σ = σr
(
ξˆ
ξˆr
)−iΩˆ/2
(A 4)
and this result is combined with (A 1)-(A 2) to obtain a hypergeometric equation for P ,
ξˆ(1− ξˆ)d
2P
dξˆ2
−
[
2 +
2iΩˆ
γ + 1
]
ξˆ
dP
dξˆ
− iΩˆ(2 + iΩˆ)
2(γ + 1)
P = −σr iΩˆ
2(γ + 1)
(
ξˆ
ξˆr
)−iΩˆ/2
, (A 5)
where U(ξˆ) has been eliminated. Once this equation is solved, U(ξˆ) is given by
(
2 + iΩˆ
)
U = −(γ + 1)(1− ξˆ)dP
dξˆ
+ (γ − 1 + iΩˆ)P + σr
(
ξˆ
ξˆr
)−iΩˆ/2
. (A 6)
The solution of (A 5) can be written as
P (ξˆ) = σrPp(ξˆ) + a0Ph1(ξˆ) + b0Ph2(ξˆ), (A 7)
where the solutions to the homogeneous equation (Ph1 and Ph2) are calculated using the
hypergeometric series around (1− ξˆ) as done by Moase et al. (2007),
Ph1(ξˆ) = 2F1(a, b; 1 + a+ b; (1− ξˆ)), (A 8)
Ph2(ξˆ) = (1− ξˆ)−a−b2F1(−a,−b; 1− a− b; (1− ξˆ)). (A 9)
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The values of a and b are calculated through
a+ b = 1 +
2iΩˆ
γ + 1
, and ab =
iΩˆ(2 + iΩˆ)
2(γ + 1)
, (A 10)
and the hypergeometric functions 2F1 are given by
2F1(A,B;C;Z) =
∞∑
n=0
A(n)B(n)
C(n)
Zn
n!
, (A 11)
where A(n) = A(A+1)(A+2)...(A+n−1) is the rising factorial. The particular solution
in series of (1− ξˆ) was obtained by Moase et al. (2007). It reads
Pp(ξˆ) =
−iΩ(ξˆr)iΩ/2
2(γ + 1)
∞∑
n=0
cn(1− ξˆ)n+1, (A 12)
where
cn =
cn−1(n+ a)(n+ b)n! + (−1)n(1− n− 12 iΩˆ)(n)
(n+ 1)(n+ 1 + a+ b)n!
, c0 =
1
1 + a+ b
. (A 13)
As shown by Moase et al. (2007), this solution converges for 0 < ξˆ < 2, which gives
a range of Mach numbers of from M > 0 to M <
√
4/(3− γ). For a subsonic flow
the boundary conditions are the downstream-propagating acoustic wave at the inlet,
w+f = P (ξˆin) +MinU(ξˆin), and the upstream-propagating acoustic wave at the outlet,
w−f = P (ξˆout)−MoutU(ξˆout). For choked nozzles, the second homogeneous solution be-
haves like (1− ξˆ)−1−2iΩˆ/(γ+1) near M = 1. As P should be regular at this point, this
solution should disappear if the throat is located inside the computational domain, giving
b0 = 0. The value of a0 is obtained by imposing the downstream-propagating acoustic
wave at the inlet.
The Mach number of this linear velocity profile nozzle can be calculated as a function
of the space coordinate. Using the definition of ξˆ,
ξˆ =
(
x
x∗
)2
=
(
u
u∗
)2
=
(
γ + 1
2
)
M2
1 +
γ − 1
2
M2
, (A 14)
and solving for the Mach number,
M =
√√√√√
(
2
γ + 1
)
ξˆ
1−
(
γ − 1
γ + 1
)
ξˆ
. (A 15)
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